hep-th/0510088 
Preprint TU-756 
October 2005 



Instantons in A/* = 1/2 Super Yang-Mills Theory 
via Deformed Super ADHM Construction 

Takeo Araki*, Tatsuhiko Takashima^ and Satoshi Watamura"'" 

Department of Physics 
Graduate School of Science 
Tohoku University 
Aoba-ku, Sendai 980-8578, Japan 



Abstract 

We study an extension of the ADHM construction to give deformed anti-self-dual 
(ASD) instantons inM = 1/2 super Yang- Mills theory with U(n) gauge group. First 
we extend the exterior algebra on superspace to non(anti)commutative superspace 
and show that the M = 1/2 super Yang- Mills theory can be reformulated in a geo- 
metrical way. By using this exterior algebra, we formulate a non(anti)commutative 
version of the super ADHM construction and show that the curvature two-form su- 
perfields obtained by our construction do satisfy the deformed ASD equations and 
thus we establish the deformed super ADHM construction. We also show that the 
known deformed U(2) one instanton solution is obtained by this construction. 
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1 Introduction 



In supersymmetric Yang-Mills theories, there are zero modes of adjoint fermions in the in- 
stanton background. Their existence naturally introduces the superpartner of the bosonic 
moduli called Grassmann collective coordinates (or fermionic moduli). The fermion zero 
modes together with the bosonic configurations are called super instantons. For reviews, 
see refs. ^ |2] for example. 

It is well known that the instanton configurations of the gauge field can be obtained by 
the ADHM construction To give the super instanton solutions, superfield extensions of 
the ADHM construction were proposed in OIH] (see also [Zj-jni), in which the fermionic 
moduli belong to the same superfield containing the bosonic moduli. In the previous 
paper we formulated the M = 1 super ADHM construction with the use of the %- 
conjugation, and found a condition to ensure the Wess-Zumino (WZ) gauge of the gauge 
potential superfield (as well as the field strength superfields) obtained by this ADHM 
construction. The investigation of the WZ gauge is necessary if one would like to compare 
the results in the superfield formalism with those obtained by the component formalism. 
Especially it is indispensable for our present formulation of the deformed super ADHM 
construction in the following. 

One of the motivations of our previous paper is emergence of supersymmetric gauge 
theory defined on a kind of deformed superspace, called non(anti)commutative super- 
space, in superstring theory as a low energy effective theory on D-branes with constant 
graviphoton field strength Jl]- J7j (see ^H] for earlier works on deformed superspace). 
In non(anti)commutative space, anticommutators of Grassmann coordinates become non- 
vanishing. Such a deformation of (Euclidean) four dimensional TV = 1 super Yang-Mills 
theory has been formulated by Seiberg ^HI, which is sometimes called M = 1/2 super 
Yang-Mills theory. Subsequently non(anti)commutative gauge theories have been studied 
extensively in both perturbative and non-perturbative aspects P^-^H]. 

It was argued by Imaanpur that the anti-self-dual (ASD) instanton equations 
should be modified in the M = 1/2 super Yang-Mills theory with self-dual (SD) non(anti)- 
commutativity. Solutions to those equations (deformed ASD instantons) have been stud- 
ied by many authors (see also [211 )■ In the case of U(2) gauge group, the exact 
one-instanton solution have been explicitly constructed in pT| by perturbation with 
respect to the non-anticommutativity parameter. U(?t,) {n > 2) one-instanton solutions 
are obtained in jSHj in a similar way. In ref. [23|, the authors have studied string am- 
phtudes in the presence of D(— 1)-D3 branes with the background R-R field strength 
and derived constraint equations for the string modes ending on D(— l)-branes, which are 
nothing but the ADHM constraints for the deformed ASD instantons. On the other hand, 
it is far from obvious how to obtain these constraints in the purely field theoretic context 
and how the deformed ASD connections are given exactly in terms of the ADHM moduli 
parameters. Clearly we need an appropriately extended ADHM construction to answer 
these questions. Then it is natural to expect that useful is the superfield extension of the 
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ADHM construction, because the field theories on non(anti)commutative superspace can 
be reahzed by deforming the multiphcation of superfields. 

In this paper, we extend the ADHM construction to the one that can give exact 
solutions to the deformed ASD equations in A/" = 1/2 super Yang- Mills theory with U(n) 
gauge group. This is accomplished by deforming the A/" = 1 super ADHM construction 
which we have studied in the previous paper. Our formulation provides a way to obtain 
other possible solutions beyond the one instanton configurations. 

This paper is organized as follows. In section [21 we review A/" = 1/2 super Yang-Mills 
theory and the deformed ASD equations. In section IHl we define a deformed exterior 
algebra on the non ( ant i) commutative superspace and show that the M = 1/2 super Yang- 
Mills theory can be reproduced in a geometrical way, based on this deformed exterior 
algebra. In section we describe a non(anti)commutative version of the M = 1 super 
ADHM construction after briefly reviewing the undeformed super ADHM construction. 
We show that the curvature two-form superfields obtained by our construction do satisfy 
the deformed ASD equations. Section El is devoted to conclusions and discussion. In 
appendix ^ we describe a few of our notation and conventions, although we follow our 
previous paper H| ^. In appendix ^ we give the "inverse" of a chiral superfield with 
respect to the star product, which is needed in formulating the deformed super ADHM 
construction. In appendix O we give a detailed derivation of the normalized zero mode 
superfield of the zero-dimensional Dirac operator. In appendix El we obtain the known 
U(2) one instanton solution by the deformed super ADHM construction. 

2 Non (anti) commutative deformation oi J\f = 1 super 
Yang-Mills 

We will briefly describe the non(anti)commutative deformation of A/" = 1 superspace and 
A/" = 1/2 super Yang- Mills theory formulated in [TE] . 

The non(anti)commutative deformation of A/" = 1 superspace is given by introducing 
non(anti)commutativity of the product of TV = 1 superfields. This deformation is realized 
by the following star product: 

f*g = feMP)9. P = -l^aC^^Ql, (2.1) 

where / and g are A/" = 1 superfields and Qa is the (chiral) supersymmetry generator. 
C"^ is the non-anticommutativity parameter and is symmetric: C"^ = C^". The above 

^We should notice, however, that there is a change in the notation from our previous paper. The 
"anti-holomorphic" quantities with respect to the ^-conjugation are indicated by "~" in ref. jl], while 

they are indicated simply by in this paper. For example, in 0] is denoted as A^a- 
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star product gives the following relations among the chiral coordinates {y'^,6°',6°'): 

{0-^0P}^ = C-P^ [z/^-]. = 0, r,-K = 0. (2.2) 
In terms of the coordinates (x'^, 6°', 6°"), these relations are 

{r,^^}, = C"^ [x^a;'^], = C^''M, [x^r], = ^C"^K^);3, [r, ■ }, = 0, (2.3) 
where 

= C''^{af"')a^ep^. (2.4) 

Since P commutes with the supercovariant spinor derivatives Da and Da, the chiral- 
ity notion of superfields is preserved. For example, given two chiral superfields ^i{y,6) 
{i = 1, 2), the product $i * $2 becomes another chiral superfields. Turning on such a de- 
formation, the original action formulated in the A/" = 1 superfield formalism is deformed 
by the star product. Since P also commutes with Qa, the deformed action preserves 
in general the chiral half of the supersymmetry transformation generated by Qa- The 
deformed A/" = 1 super Yang- Mills theory has A/" = 1/2 supersymmetry, so that they are 
called Af = 1/2 super Yang-Mills theory. 

The ^-conjugation |4j of C"'^ is deduced from the ^-conjugation of 9"9^ and found as 

(C"^)t = (2.5) 

where Ca/3 = ea-ySpsC^^. Let A and B are superfields. We define the ^-conjugation of 
Qa{A) as 

(g«(A))t = (-)l^l(A)^§^, (2.6) 

then we have 

(A*5)t = (-)l^ll^l(5)^ * (A)^. (2.7) 
The action of = 1/2 supersymmetric Yang-Mills theory is given by 

s = J d^x (^j (fetiW" *Wa + J d^etiWa * w"^ (2.8) 



where 



Wa 



^-DaD" (e;^ * Dae^) , Wa = -^D'^Da (eX * DaC-J) , (2.9) 



and = En ^ ^ * • ■ ■ * Here V = VT" with V the vector superfields and the 
hermitian generators which are normalized as tr [T'^T''] = Nd""^ . We may redefine the 
component fields of V in the WZ gauge such that the component gauge transformation 



3 



becomes canonical (the same as the undeformed case). In jTHI, such a field redefinition is 
found to be 



-eem{D-id^v^) {y) 



(2.10) 



and then W and W become 



-iXaiy) + 



61D -liana'' {v,, + -C,AX 



(7'^P^A),(y),(2.11) 



- Ic'^'i^f^u, A4 - C^^ivu, V,X^ - ^K, - ^|C|'{AA, A J 

where |Cp = C^^C^y. The component action is 
1 



tr d X 



'Iv^'v,. - iXa^^V^X + - '-C^^'^v^AX + ^ICp(AA)^ 



(yX2.12) 



(2.13) 



From the component action, we can see that the equations for SD instantons are 
unchanged compared to the undeformed case: 



ASD 



0, A = 0, V^a^'X = 0, D = Q. 



(2.14) 



Therefore, the SD instanton solutions are not affected by the deformation. 

On the other hand, the equations for ASD instantons should be modified. The action 
can be rewritten as 



S 



tr d X 



(2.15) 



where v^"" = ke^"''"'^ 



pa- 



From this expression, we can see that configurations which 



satisfies the equations of motion and is connected to the ASD instantons when turning 
off the deformation are the solutions to the following deformed ASD instanton equations 



+ ^^C'^.AA = 0, A = 0, PXA = 0, D = 0. 



(2.16) 



In principle, these equations can be solved perturbatively in terms of the deformation 
parameter C. At the zeroth order, the solutions may be given by the ordinary ADHM 
construction. There are right handed fermion zero modes of the Dirac operator in those 
ASD backgrounds. At the next order, the field strength receives the O(C^) correction 
from these fermion zero modes through the fermion bilinear term in the equation. This 
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then cause the 0{C^) correction to the fermion zero modes, which gives the 0{C^) cor- 
rection to the field strength again through the fermion bihnear. In a similar way, we can 
obtain the higher order corrections. In the following sections, we would like to extend the 
super ADHM construction to the one that can give exact solutions to the deformed ASD 
instanton equations ()2.1(jj) without using such a perturbative analysis with respect to C. 

3 Differential forms in the deformed superspace 

We will take a geometrical approach to formulate the deformed super ADHM construction 
by generalizing the exterior algebra: we extend the star product between superfields to 
the one including differential forms in superspace. This is accomplished by considering 
the supercharges Qa in ()2.1|) as generators of supertranslation as their original definition. 
We will see that the deformed exterior algebra consistently leads to the Af = 1/2 super 
Yang-Mills theory introduced in the previous section. 

3.1 Deformation of the exterior algebra 

As we stated in the beginning of this section, the principle of our construction of the 
deformed exterior algebra is that the operators Qa appearing in the star product are 
identified with the generators of supertranslation. Thus, the star product of differential 
forms is defined according to the representations of supersymmetry they belong to. 

Since the one-form bases are supertranslation invariant, we define the action of Qa 
on as 

Qaie^) = 0. (3.1) 
Then for a 1-form ui = c^ua, it holds that 

Qa{uj) = (-)l^le^Q,(^A). (3.2) 

Using this action of Qa, we define the deformed wedge product of 1-forms u and u' as 

uj Auj' = ujAexp uj', (3.3) 

where Q (Q) acts on u {uj') from the right (left) and the normal wedge product is taken 
for the resulting (transformed) 1-forms. Note that coQa = (— )''^'Qq(i^)- As a result, 
the product of supertranslation invariant 1-forms is the same as the ordinary wedge 
product: 

e^i A A ■ ■ ■ A e^*" = e^^ A e^^ A ■ ■ ■ A e^^ (3.4) 
Hereafter we will suppress the wedge symbols. 
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We also define the star product between a differential form uj and a superfield / as 
a; * / = cuexp (^-Ig^C^^g;) /, / * = /exp (^-ig^C^^g;) uj. (3.5) 
Then it holds that 

[e^/}. = (3.6) 

where / is an arbitrary superfield. 

With the use of the basis e^, a p-form tUp is expanded as 

cUp = e^^---e^^cUpA,...Ai, (3.7) 

where the coefficients LOpAp...Ax are general superfields. In this basis, the product of the p- 
and g-form is simply given by the star product of the coefficients: 

* = (-)(l^^l+-+l^«l)(l^^l+-+l^^l)e^^ ■ ■ ■ e^^e^^ ■ ■ ■ e^'^{uJ,A,...A. * (3.8) 

The exterior derivative d is defined as the map from a p-form to a p + 1-form by using 
the basis e^: 

du, = e^^ ■ ■■e^^e^DBUJ,A,...A, + f^(-l)l^^+il+-+l^.le^^ • --de^^ ■ ■ ■ e^^u;,A,...A, (3.9) 

r-l 

with Up in eq. ()3.7|) and de^ is the same as the undeformed one. 

Before we start to discuss the Yang-Mills theory with the use of the above differential 
forms, we prove the consistency of the deformed exterior algebra. In our construction the 
action of the exterior derivative d coincides with the undeformed case in the e"^-basis as 
seen from eq. ()3.9|) . Using eqs. ()3.8|) and ()3.7p . we can prove the graded Leibniz rule: 

d{ujp * OJq) = { — lydujp * UJg + Up* dujq. (3.10) 

It follows also that d is nilpotent: = 0. Finally, the associativity of the deformed 
exterior algebra is a direct consequence of the associativity of the star product. 

Although we have used the fact that e"^ (anti) commutes with superfields to derive 
eq. ()3.8|) . one should notice that general differential forms do not (anti)commute with 
superfields. For example, we have 

Q^i^dx^") = -iia^'dO)^, (3.11) 

because dx^ transforms as dx'^ — > dx^ — iE,(J^d9 under the supertranslation $,'^Qa- As a re- 
sult, there are non-trivial commutators involving differential forms in (x, 6, ^)-coordinates: 

[dx>', x"], = C''^{a^'dd)^{a'e)p, [dx^^, 9% = zC"^((T^ci^)^, [dx^, 9^], = 0, 
[d9''Jix,9j)}, = [dh,fix,9,9)}, = 0, (3.12) 

where f{x, 9, 9) is an arbitrary superfield. 
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3.2 Reproduction of the Af =1/2 super Yang-Mills theory 

In the following, we will see that the deformed wedge product defined above is consistent 
with the A/" = 1/2 super Yang- Mills theory described in the previous section, in the sense 
that the curvature 2-from superfield will correctly reproduce the field strength superfield 
Wa and Wa in ()2.9|) (after imposing appropriate constraints as in the undeformed case 
[2Z1) based on the deformed exterior algebra. 

Given a connection 1-form superfield 0, the curvature superfields Fab are obtained as 
the coefficient functions of the two-form superfield F constructed in a standard way: 

F = rf0 + 0*0. (3.13) 

Due to eq. ()3.8p . it holds that 

0*0 = {cUa) * (e^0B) = (-)l^ll^le^e^(0^ * 0^) = -^e^e^[05, 0^}.. (3.14) 
Therefore, we find the curvature superfields Fab as 

Fab = Da<Pb - (-)I^II^I/^b0a - [<PaAb}* + Tab"" <Pc. (3.15) 

where Tab'" is the torsion defined by de'^ = ^e^e^TsA" whose non-vanishing elements 
are T,/ = T^/ = 2^a^. 

The proper constraints for the curvature superfields to give the A/" = 1/2 super Yang- 
Mills theory turn out to be 

^<./3 = 0, F.^ = 0, F„^ = 0, (3.16) 

where the curvature superfields are given by ()3.15|1 (see for the undeformed case). 
We refer these constraints as the Yang-Mills constraints. Turning off the deformation, 
these constraints can be solved by 0q, = — e'^D^e^, 0q, = 0, 0^ = — |(t^^Z)^0/j, where 
is a general superfield. This is checked with the use only of the Leibniz rule for the 
supercovariant derivatives, and changing the ordering of the superfields is not needed at 
all. Since the supercovariant derivatives Da satisfy the Leibniz rule even in the presence 
of the deformation, it tells us that the spinor connection superfields of the same form as 
in the undeformed case are also a solution to the Yang-Mills constraints: 

K = -e-J*D^eX, 0<i = O, ct>, = -'-afDpct>p, (3.17) 

where V is again a general superfield. 

Because of eq. ()3.8|1 . we find that the curvature superfields Fab satisfy the Bianchi 
identities with the star product: 

^e^e^e^ [DcFba - [0c, Fba}. + \tcb''Fda + \tca''Fdb) = 0. (3.18) 
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Determination of all the Fab with the use of the Bianchi identities is completely parallel 
to the undeformed case, and we find 

F,^='-W^a,p^, F,^='-a,^^W^ (3.19) 

where = W"', = * W°' * and W and W have the same forms as in the 
undeformed case except for every product replaced with the star product, that is, they 
coincide with the field strength superfields given in ()2.9|1 . 

Then the invariant action with respect to super- and gauge symmetry can be con- 
structed with the use of W and VV as in the undeformed case [2Zj and it is none other 
than the action 5* given in ()2.8|) . Therefore, imposing the Yang-Mills constraints ()3.16p . 
the J\f = 1/2 super Yang-Mills theory can be correctly reproduced in a geometrical way 
based on the deformed exterior algebra. 

4 Deformed super ADHM construction 

After reviewing the super ADHM construction in section 14.11 we describe its non(anti)- 
commutative deformation in section 14.21 The general solution obtained by the deformed 
construction is given in section 14.31 

4.1 Review of the J\f = 1 super ADHM construction 

In this subsection, we briefly review the A/" = 1 super ADHM construction. 

The U(n) (or SU(n)) k instanton configurations can be given by the ADHM construc- 
tion |3J. Define Aq,(x) such as 

Aq(x) = aa + Xaab"" (4.1) 

where Oq, and 6" are constant k x {n + 2k) matrices and x^a = ix^a'/^^. We assume that 
Aq, has maximal rank everywhere except for a finite set of points. Its hermitian conjugate 
/\to = (Aa)'^ is given by 

A^"(x) = a^" + fetx'^". (4.2) 
Then the gauge field is given by 

= -2iv^d^v, (4.3) 
where v is the set of the normalized zero modes of A^: 

A^v = 0, = 1„. (4.4) 
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For later use we define / which is defined as the inverse of the quantity 

^ ^A.At". (4.5) 



as 



The super instanton condition ()2.14|) can be rewritten in the superfield formahsm IHI 

F^a = 0, (4.6) 
^F^, = -F^,, (4.7) 

where F is the curvature superfield satisfying the covariant constraints ()3.16p and the 
Bianchi identity ()3.17p . The super ADHM construction gives the solutions to the super 
ASD condition ()4.6|) HJ. We define a superfield extension of Aq,(x) (see also appendix 

A^ = Ao.iy) + 9^M, (4.8) 

where Aa{y) is the zero dimensional Dirac operator in the ordinary ADHM construction 
with replacing x'^ by the chiral coordinate y'^ = x^+i9a^^9 and 7W is a A;x {n+2k) fermionic 
matrix which includes the fermionic moduli. We suppose that Aq, has a maximal rank 
almost everywhere as in the ordinary ADHM construction. Its |-conjugate A^" is found 
to be 

A^" = A^"(?/) + r (4.9) 
As Aq, has n zero modes we collect them in a matrix superfield '0[„+2fc]x[n]: 

A^{; = 0. (4.10) 

Its ^-conjugate ■O''- satisfies -O-l-A^" = 0. We require that v satisfies the normalization 
condition: 

v^v = 1. (4.11) 
The connection one-form superfield is given by 

= -v^dv. (4.12) 

where d is exterior derivative of superspace. The connection (p defines the curvature 

F = d(f) + (j)(f) = v^dK^^'kJdKpv, (4. 13) 

where 

i^-^/ = A.A^^ (4.14) 

and is defined such that K'^a'^Kp^ = Kj^K'^^jp = S2,lk- Note that we have the 
following completeness condition: 



vv 



l„+2fc - At"i^/A^. (4.15) 
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The curvature superfield Fn^ becomes ASD if K satisfies A^A^^ oc 6^ and thus 

K-'J = 6^J-' (4.16) 

where 

^ ^A^A^'^ (4.17) 

is a A; X A; matrix superfield. There exists / because we have assumed that A^ has 
maximal rank. The above condition ()4.1(ij) leads to both the bosonic and fermionic ADHM 
constraints. When eq. ()4.16|) holds, i.e., the parameters in A^ are satisfying both bosonic 
and fermionic ADHM constraints, we obtain from eq. ()4.13|) the ASD curvature superfield 
(I4.7|l and another (non-trivial) one in terms of the ADHM quantities: 

F^, = 4v^b^cx^J-bv, (4.18) 
F^o. = '-a^^^{-2v\b^^fM - M^fb^)v -Se^v^b^^fF + b^ybf')^^ (4.19) 

We can check that the other curvature superfields vanish. 

To ensure that the superfields obtained by the super ADHM construction are correctly 
in the WZ gauge, we impose the following conditions on v: 

Dav = 0, v^^v = 0. (4.20) 

Imposing these conditions, we can determine the zero mode v of Aq, as 

v = v + 9^[A\fMv)+99[^M^fMv), (4.21) 

and find that the connection superfield 0^ constructed as in ()4.12|) correctly gives the 
super instanton configuration in the WZ gauge: 



-2tv^df,v + le^a^^^ [2w\h^^fM - M^flP)v]] , (4.22 



where the lowest component is the instanton gauge field and the ^-component is the 
fermion zero mode. 



4.2 Deformation of the super ADHM construction 

In this subsection, extending the super ADHM construction in section 03 we will present 
a formulation that provides a way to construct deformed ASD instantons in the non(anti)- 
commutative M = 1/2 super Yang-Mills theory, i.e. the exact solutions to the deformed 
equations ()2.1(ij) . 
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The deformed super ASD condition turns out to be of the same form as the super 
ASD condition ()4.6|) but the product replaced with the star product ()2.1|) : 



i^M" = 0' (4-23) 
^F^, = -F^,, (4.24) 

where the curvature superfields Fab are given by eq. ()3.15p . Note that eq. ()4.24|) follows 
from eq. ()4.23jl as long as the two-form F satisfies the Bianchi identities and the Yang- 
Mills constraints, because these imply that F^i, = —^iVa^j^yW — Vafj.uW) and also that 
W is proportional to (see eq. ()3.19j) ). 

Since the equivalence of the condition ()4.23|) and the deformed equations ()2.16|) is not 
apparent, we will show it below. We assume that the two-form F satisfies the Bianchi 
identities and the Yang-Mills constraints. Then F^^ is proportional to Wa given in ()2.9|) 
(or 1)2.111) in the WZ gauge) as discussed before (see eq. ()3.19j) ). If the deformed equations 
()2.1(i|l are satisfied, we immediately find from eq. ()2.11|) that Wa = holds, and this 
implies that eq. ()4.23|) also holds because of eq. (|3.19|) . The converse can be shown 
as follows. First let us assume 0^ = 0. In this case, a solution 0^ to the Yang-Mills 
constraints can always be written of the form given in ()3.17p with V a general superfield. 
Then W is determined by eq. ()3.19)1 and will coincide with the field strength superfield 
W in ()2.9)1 . Taking the WZ gauge for V by performing gauge transformations, W(= W) 
becomes to have the form given in ()2.11|) provided that the component fields of V are 
parameterized as in ()2.10p . Now it is obvious that in order for F^^ (oc W) to vanish, the 
deformed ASD equations should hold. Since all other solutions (pA (with (p^ 7^ 0) to the 
Yang-Mills constraints are obtained from ()3.17)1 by gauge transformation 

(l)^X-^*(j)*X-X-^*dX, F^X^^*F*X (4.25) 

with X an arbitrary invertible (U(n) valued) superfield, the equivalence also holds even 
in the absence of the assumption 0q, = 0. 

Let us remark on an implication of the second condition ()4.24|) . Eq. ()4.24|) requires 
especially that the lowest component of contains only the ASD part, but this does 
not mean = 0, since the lowest component is not simply v^u but + ^C^i,X\ in the 
deformed theory: Using eq. ()3.17|l . we find 0^ in the WZ gauge as 



- ■ (y). (4.26) 



2 

Here we have used Vwz given in ()2.1()|1 . Then the curvature F^^ is found to be 

Ff^u = d^(f)y - dycj)^ - [0^, (pu]* 

% f % — — — — 

= -- [v^y + -C/,i.AA - iOa^VyX + iOa^Vf^X - iOOXaf^uX 

+ (terms containing 6 and W). (4.27) 
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Therefore, we can see that in order for F^^^, to satisfy the ASD condition, at least v^^ + 
^C^uXX = is required. In fact, if we use the deformed ASD equations ()2.1f)|l (therefore 
= 0), F^i, reduces to 

Ff.u = -\ - le'^aPa^.V.X - lOeXcy^A) , (4.28) 

and now it contains only ASD components. 

We have seen that the deformed ASD equations are equivalent to the super ASD condi- 
tion with the star product, ()4.23p . One would expect that its solutions can be constructed 
by the super ADHM construction, replacing each product with the star product ^Z.\\ . In 
the rest of this subsection, we will see that such a deformed ADHM construction actually 
gives solutions to the deformed super ASD condition, that is, the deformed super ASD 
instantons. 

For the deformed super ASD instantons, (f)^ in the WZ gauge becomes 



■ (y), (4.29) 



2 



since = holds. This again leads us to adopt in our super ADHM construction 
with the same form as in the undeformed case: 

A„ = A^{y) + e^M. (4.30) 

Then, according to the ^-conjugation rules, we have 

A*" = A*°(y) + rAI*. (4.31) 

Here we will not rewrite % in the r.h.s. with f, because in the presence of the deformation, 
Aq, (and possibly M) may contain products of Grassmann variables and for such quantities 
we should use | instead of f in general. 

We collect the n zero modes of A into a matrix form u\n+2k]x[n]'- 

Ao*M = 0. (4.32) 

We require it to be normalized as 

u^*u = ln. (4.33) 
Define k x k matrices K^a'^ («,/? = 1,2) as the "inverse" matrices of 

K;\'' = A„ * Af3 (4.34) 

such that K~^a^ * K^p'^ = K^J^ * = 5^1^ (see appendix |B|) . Then we have the 

relation 

u*u^ = ln+2k - A*" * * Ap. (4.35) 
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With the use of u, the connection is given by 

(j) = -uU du. (4.36) 

The curvature two-form is given by using the connection one-form 0, and now it is 
written as 

F = d(i) + (t)*(t) = u^* dA^'^ * * dKf3 * u. (4.37) 
Here we have used fl4.33|l . ()4.35j) and ()4.32|1 . The above equation reads 

Fab = -M* * D[aA^'' * K.J * Db}^^ * u. (4.38) 
From this equation, we find 

F^u = * * u. (4.39) 

Thus the ASD condition ()4.24|) is satisfied if K^, commutes with the Pauh matrices: 

A, * A^^ = k;\^ oc 5i. (4.40) 

We immediately find from the expression ()4.38p that F^^ = F^^ = and F^a = 0, because 

Aq, is a chiral superfield. We can also check that F^p = with the use of the constraint 
(fOnil . the relations 

Df,A^ = e^piM + Ae^b^), DfsA^" = 5|(A^t + 46+^^), (4.41) 

and the fact that Fa/s is symmetric with respect to a and f3. Therefore, we have shown that 
the above described super ADHM construction gives curvature superfields that satisfy the 
Yang-Mills constraints ^H^i and the ASD conditions if the condition (IOn|l 

is imposed. 

The requirement ()4.4()|1 gives the deformed bosonic and fermionic ADHM constraints 
as we will see below. Because we can write 

A« * A^^ = A^A^'*^ - ^Sa^C'^MM^, (4.42) 

we find that the requirement leads to the deformed bosonic ADHM constraint 

A,A^^ - ^Eo^.^C^'^MM^ oc 6^, (4.43) 

and the fermionic ADHM constraint 

AaM^ + MAK = 0. (4.44) 
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The above equations can also be written as follows (see appendix : 

a'l = a'^, cr'^" (^a^a}^ - ]^e^^C^^MM^^ = 0, (4.45) 

M'^" = M'", ao^M^ = -Mai. (4.46) 

These constraints agree with those in obtained by considering string amplitudes. We 
can rewrite the deformed ADHM constraints in another form as follows. Let us denote 

,^2/ \I[k]x[n] —Zilk — Bilk]x[k] Z2lk + B2[k]x[k] J ' 

where zi = ?/2i, -22 = ^22 ^^nd 

i = 1 + ^V, J = J + ^V^ Bi = Bi- e^M[, B2 = B2 + e^Ml 

1 = 002, J^ = ^i, Bi = a'^^, B2 = a'^^. (4.48) 
Here we have already used a'^ = a'^ and Ai'^" = Ai'". Then the constraint ()4.40|) reads 

i*P-jUj+ B^% + [B2, B2% = 0, (4.49) 

i*J+[B2,Bil=0. (4.50) 

In the component language, we find that the bosonic ADHM constraints are 

11^ - J^J + [Bi, B,^] + [B2, B2^] - C'^MM^ = 0, (4.51) 

IJ + [B2, Bi] - -C^^MM^ = 0, (4.52) 

and the fermionic ADHM constraints are 

J^/i^ - /i/t - M[] + [B2^, M'^] = 0, (4.53) 
/iJ + V - [Bi, M'^] - [52, M\] = 0. (4.54) 

After imposing the ADHM constraints, we can write K~^a^ = * A^'^ as 

k;'^ = €r\ (4.55) 

where a k x k matrix valued superfield is defined by 

^ iA.A^^ (4.56) 

which is the same form as in the undeformed case since eq. ()4.42|1 holds. As a result, the 
curvature two-form is written as 

F = uU dA^" * /* * dA^ * u, (4.57) 
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where /* is defined such that /* * / ^ = / ^ * /* = Ifc (see appendix |B)). Substituting the 
form of A, we find the following equations from the above expression: 



Fo^p = = = 0, (4.58) 

F^^ = Au^ * b^a^J.b * m, (4.59) 

- W^v} * {b^'^f.b^ + b'^y.b^) * u} , (4.60) 

F^^a = 0. (4.61) 



As mentioned before, the curvature two-form F satisfies the Yang-Mills constraints ()3.16|) 
and the deformed super ASD condition ()4.23|)()4.24|) . thus it gives the deformed super 
ASD instantons. 

Owing to the deformed ADHM construction, we are able to discuss the dimension of 
the moduli space of the deformed instanton solution. The curvature F is invariant under 
the following GL(A;) x U(n -|- 2k) global symmetry transformation 

A^^GA^A, f-^GfG\ v^A-H, (4.62) 

where G G GL{k) and A G U(n -|- 2k). Note that we cannot take G and A as superfields, 
since the form of Aq, is significant for the two-form F fl4.38|) to satisfy the Yang-Mills 
constraints as well as the deformed super ASD condition. After fixing b in the canonical 
form (see ()A.10|l ). the global symmetry breaks down to \J{n) x U{k) as in the purely 
bosonic ADHM construction, and the U(n) transformation is considered as a part of the 
gauge transformation. Therefore, the number of the bosonic moduli contained in A^ is 
4nk after imposing the bosonic ADHM constraints ()4.45|) and modding out by the U(A;) 
symmetry, as in the undeformed case. There is no additional symmetry and the number 
of fermionic parameters is reduced simply by the fermionic ADHM constraints ()4.46jl and 
we have 2kn fermionic moduli as in the undeformed case. 

4.3 The general solution in the Wess-Zumino gauge 

In this subsection, we give an expression in terms of the ADHM data Aq, and Ai, of the 
general solution in the WZ gauge obtained by our construction. 

In the WZ gauge, F^^, is a chiral superfield because 0^ is so. Since we are interested in 
the field strength in the WZ gauge, we find from the expression ()4.59|) that it is sufficient 
to restrict the zero mode m to a chiral superfield. Hereafter we restrict the zero mode u 
to a chiral superfield, which we write as 

u = + ^V^) + eeu^^\ (4.63) 
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When u and are chiral superfields, we find from ()4.36|) tliat 0" = 0, and tliat 0^ is 
a cliiral superfield {Da4>^ = 0) because 0^ is given by 

0/. = -M** (4.64) 

Tliese are consistent witli tlie connection superfields for tlie super instantons. Tlie rest 
of tlie connection (p^ gives a non-trivial necessary condition. In the ADHM construction, 
(pa can be written in the chiral basis as 

0^ = -u* * DaU = -u^ * ^) - 2z(a^^),n^ * -^Hy, 0)- (4.65) 

We should notice that only the first term is ^-independent. In the WZ gauge, (pa is given 
by 

0a = -e;^^^ * I)„e^^ = -DaV^z + ^[VWz, DaV^zU (4.66) 

Because Vwz contains at least one 9 in each term, (pa should not have any ^-independent 
terms. As a result, it should hold that 

which is a necessary condition for u to be in the WZ gauge. We can use this condition to 
determine it in the WZ gauge. 

For convenience, let us define a k x k matrix 

K-\^ = AaA^^ (4.68) 

and its inverse K such that Ka'^K~^y'^ = K~^a"'K^'^ = S^lk- After imposing the ADHM 
constraint, we have 

K-'af" = 6^ar' + ^Sa^C^^MM^ f'' = ^A^A*^. (4.69) 

where is defined as the lowest component of in ()4.56|1 . Defining a matrix 

we can write K~^a^ = (I2 ® In + C ® A4A4^f)a^f~^ where / is the inverse of such 
that ff~^ = f~^f = Ik- Then we find an expression of the matrix K: 

Ka^ = /(in + detC{MM^ffy' {I2 ® 1„ - C ® MM^f} (4.71) 
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Here we have used a relation Ca^C.y^ = —6^ detC. ^ 

With a given v that satisfies A^v = and v^v = 1„, we can determine the zero mode 
superfield ii : 

u = (l„+2fc + e-'A^.fM + 99^M^fMy\ (4.72) 

where 

= [v- ^{AiK6CA)M^Z-^fMv}N-^/^U, (4.73) 
f/ is a unitary matrix such that f/^ = U'^, K is given by ()4.7H1 and Z, N are 

Z = lk + ^fM{A^KeCA)M^, (4.74) 
N = In + ^detCv^M^fZ-^^Mvv^M^Z-^fMv. (4.75) 

Readers can check that the above u is indeed a normahzed zero mode of A^, satisfying the 
WZ gauge condition ()4.(j7j) (for the detailed derivation, see appendix [H]) • We have used 
the normalized zero mode v of A^ and it will be found as follows. If we solve the deformed 
ADHM constraints, the zero dimensional Dirac operator Aq, (the fermionic moduli A4) 
can be separated into the C-independent part Aqq- (A^o) and the residual C-dependent 
part 5Aa {6M): 

A„ = Aoa + 5A^, M = M0 + 6M. (4.76) 
Then the zero mode v of A^ is given by 

V = (l„+2fc + A/)"/o5A„)'^?;o 

X {4(U+2fc + <5AtVoAo^)-'(l„+2fc + AlyoSA^y'vo}''^'' , (4.77) 

where Vq satisfies Ao^Vo = as well as the completeness relation vqVq = l„4.2fc — Aq^/oAoq,. 
Here /q"^ = ^A^^Ap and /o is its inverse matrix. We can check that the above u satisfies 
simultaneously the zero mode equation ()4.32|1 . the normalization condition ()4.33|1 and the 
WZ gauge condition ()4.fj7j) . 

The connection superfield 0^ is constructed with the use of u in ()4.72|) : 

+ iM(°»;W^/(eC);3"A«9^A^^/;WM(°) - ^det Cu^^^^M^fMM^d^ifMu'^^'^) 
- rM(°»(a^A^^/A^ + M^fd^A^)u^^\ (4.78) 

^From this expression we find the following useful relations: 
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Here we have used the following relations: 



d^A^M^ + Md^AK = 0, 
d,f = fAW.A^f. 



(4.79) 

(4.80) 
(4.81) 



The first equation can be shown with the use of eq. ()4.73|) and 




The last equation follows from the bosonic ADHM constraints. 

Now, because of the WZ gauge, we are able to compare our connection one-form to 
the solutions obtained in the component formalism. In appendix El we show that the 
known U(2) one instanton solution is obtained by our construction. 

5 Conclusions and discussion 

In this paper, we have extended the super ADHM construction to give solutions to the 
deformed ASD instanton equations in A/" = 1/2 super Yang-Mills theory with U(n) gauge 
group. 

First we have extended the exterior algebra on superspace to non(anti)commutative 
superspace, and shown that it is a consistent deformation such that the field strength 
superfields of Af = 1/2 super Yang-Mills theory are correctly reproduced by a curvature 
two-form superfield. We found the covariant constraints on the curvature two-form (re- 
ferred to as Yang-Mills constraints) and the super ASD condition for the deformed ASD 
instantons. 

Based on the deformed exterior algebra, we have formulated a non(anti)commutative 
version of the ADHM construction and shown that the resulting curvature two-form super- 
field indeed satisfies the Yang-Mills constraints as well as the super ASD condition. This 
means that our construction correctly gives deformed ASD instantons in the J\f = 1/2 
super Yang-Mills theory. We have seen that deformation terms emerge in the bosonic 
ADHM constraints (see also [23), which are comparable with the U(l) terms due to 
space-space noncommutativity [2HI- Our formulation reveals the geometrical meaning of 
those deformation terms as non(anti)commutativity of superspace. 

The deformed super ADHM construction will facilitate us to discuss the moduli space 
of the deformed ASD instantons in the M = 1/2 super Yang-Mills theory. In this paper, 
we saw that the numbers of the bosonic and fermionic moduli parameters of our solutions 
are the same as the ordinary theory: They are Akn and 2kn respectively, where k is the 
instanton number. Additional moduli parameters, if they exist, may be contained in the 
^^-component of A^, but this would change, for example, the ADHM constraints, leading 
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to a discrepancy with the result in |23j. We beheve that our construction gives all the 
deformed ASD instantons, but it would be interesting to check it directly by considering 
reciprocity j29j . 

Finally we would like to give a comment on a relation between the deformed ADHM 
constraints and the hyper-Kahler quotient construction fSU^. In the ordinary (commuta- 
tive or noncommutative) gauge theory, the fermionic ADHM constraints ensure that the 
fermionic moduli are Grassmann- valued symplectic tangent vectors of the bosonic moduli 
space. Since the fermionic ADHM constraints are not modified in the present case, we 
expect that this interpretation is not modified. On the other hand, our bosonic ADHM 
constraints contain deformation terms which are k x k matrices, not just U(l) terms in 
general. If there is a U(l) term, it is well known that setting a particular value of the term 
corresponds to choosing a particular level set in the n + 2k dimensional mother space in 
the hyper-Kahler quotient construction. The ordinary instantons or the localized instan- 
tons jnij correspond to this value set to be zero, and the Nekrasov-Schwarz instantons 
correspond to this value set to be a non-zero constant. It needs a further study to clarify 
how our deformation terms can be interpreted in the hyper-Kahler quotient construction. 
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A Notation and Conventions 

We use the following sigma matrices: 

a^ = a^ = i-tl, a^, a'^ = a^ = (-^1, -a^, (A.l) 
where a* are the Pauli matrices and a^"" = e°'^e°'^a't;^ holds. The Lorentz generators are 

a^- = l{a^a'' -a'a^), a,, = -^{cy,a, - a,a^), (A.2) 



where 



They can be written as 



^'"^ = -\r,',y . ^"' = ~%y (A.4) 
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in terms of 't Hoot's eta symbol 77^^,, r^^^. The 't Hoot's eta symbol is defined by 

vliu = {^^^ll^o - S^io5i„ + 5„oSiij.), ff^^ = (e^^ixo + ^^o^i^ - S^oSi^) (A.5) 



We define 

The "zero dimensional Dirac operator" in the extended ADHM construction is defined 



„^ = ix^<7^^, x^" = ix,af. (A.6) 



by 

where 
and 



^a{y) + e^M, (A.7) 
A«(x) = a„ + (A.8) 

aa[A;]x[n+2fc] = (^a[fe]xM (o'^/j) [fe] X [2fc] ) = ( (l^a^w) {<^' a\ j) («'a2*i) ) ' 
M[k]x[n+2k] = i^^[k\x[n\ (^'/j) [fe] x [2fc] ) = ( i-^' I j) {J^' 2 j)\ (^-9) 

with u — and i,j = l,...,k. Note that we write a'^^^i — iol^^iu^^p. The 

canonical form of h is defined as 

B The inverse superfield 

In this appendix, we give an expression of the "inverse" of a chiral superfield. Assume 
(01* j) is an invertible k x k matrix. For a k x k matrix valued superfield 

e) = My) + V20My) + ooHy), (b.i) 

its "inverse" superfield 6') is defined by the relation 

= = (B.2) 

Explicitly it is given by 

<^>-\y,e) = My) + V2eMy) + O0F2{y), (b.3) 

where 

02 = (^ + dctC^^-^^)^\ (B.4) 

^2a = -A'-\^a + £apC^""^-yA''j')M (B.5) 

F2 = -A-^J^M (B.6) 
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Here we have defined the following quantities: 



A' = (pi + det CFi^^^Fi, (B.7) 

= (5f -£«-,C^^Fi0r')^i/3, (B.8) 

A = 01 + C^^V-ia^'"'^/?, (B.9) 

= Fi+^'^A'-^^a- (B.IO) 



C Determination of the zero mode superfield 

In this appendix, we give a detail of determination of the zero mode superfield u such 
that it correctly satisfies the normalization condition ()4.33|) and the WZ gauge conditions 
(gSZI). 

Let us begin with solving the zero mode eq. ()4.32|1 . This equation reads 
= A„m(°) - 

+ ^e(A„n(2) + iA^n«) (C.l) 

where {eC)a'^ = Sa-yC^^ ■ With a given v that satisfies = and v^v = 1„, u^^^ and 
■u^^^ can be written with the use of m^^^ as 

„(o) = ]^{A^KyM{eCu'^^\ + vc, (C.2) 
^(2) = --{A'^Ky'Mu^^'^ + vt, (C.3) 

where (A^i^)° = A-f'^J'T^" and c, t are arbitrary n x n bosonic matrices. Substituting ()(y.2jl 
and ()(y.3j) into ()(IH) . we find that the zero mode equation ^Cl\ becomes 

A„M«'3-;WM(5A+(£C^)/t)-^A^(A*ir)^'7W((5/(eC')y^-(eC')/(5y^)4^) = 0. (C.4) 

We will solve this equation. The n + 2k dimensional space is spanned by the n + 2k 
column vectors {A^",f}, thus in general, we can write m^^^" as 

= + A*%". (C.5) 

where 7" is a x fermionic matrix, and r^" is x n one. As eq. ()C.4|) is composed 
of four independent equations with respect to the spinor indices, we can split it into one 
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proportional to 5a,^ , one proportional to {eC)a^ and the other two equations. Substituting 
the general form ()C.5|) into ()C.4|) . we find that the latter two equations are 



/-V'/ + ]^{eC)^^r',^MM^ = 0, (C.6) 

where r'^^ represents the terms contained in which are not proportional to 5a^ or 
{eC)a^. Because of the explicit C-dependence of the second term in the l.h.s., we find 
that r' should vanish by a perturbative argument with respect to C . Thus the form 
of u^^'^" is simplified as 



u 



(l)a 



+ A^^r + A*^(eC);3"s, (C.7) 



where r and s are k x n fermionic matrices. Substituting this equation into eq. ()C.4|) . r 
and s are written in terms of c, t and 7". As a result, the zero mode equation (jdljl is 
solved by JH^l), JUHl) and with 

Q = Z-^f{l + ^detC{Mvv^M^Z-^fy)-^ 

1 IdetCMvv^M^Z-^f 
-iMvv^M^Z'^f 1 

\ Mvt - ^MA^'^KjMvjp. J ■ ^ ' 

Next, we consider the WZ gauge fixing condition ()4.67|) . * daU = 0. This equation 
reads 

^(0)1^(1). ^ c^Pu^m^u^'\ (C.9) 

^(0)1^(2) ^ ^^(1)17^(1), (C.IO) 

C^,u^'^h^'^ = -lu%4^, (C.ll) 

(C.12) 

From eqs. and (frrT2|l we find 

7- = i(l2 0C^ + 2C® t*)-^;3"M(^»^'A^^((£C)y V/ - ry'^(£C)/). (C.13) 

This equation tells us that 7" vanishes if rj^ has the form ^^^r + [eC^^^s as in ()C.7|1 . 
Eq. (fTTTjl with 7^^ = solves the equations (fTTQl) and JUni). 

■^We assume that the deformation parameter dependence admits a perturbative expansion. 
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Then the remaining zero mode equation for u^^^ gives the following two independent 
equations which correspond to ()C.10|) and ()C.11|) : 



A-(r' -,^['i^rif i,,„rj{2,..,)(:) = o. (c.i5) 



f-^Z \det CMvv^M^ J \s 



r 



where r and s are written in terms of c and t as ()C.8|) with 7" = 0. We first consider eq. 
jnH). Substituting eq. (fCTsIl into JOill), we obtain 

ct ^[c t)vjviz f [i^^^cMvv^M^Z-'f -detC 

X (1 + i det C{Mvv^M^Z-^ff)-^Mv ( = 0- (C.16) 
To simplify this equation, it is useful to rewrite t as 

t = ^v^M^Z-^fMvc + t'. (C.17) 
Using eq. ()C.17|) . we find that eq. ()C.16|) becomes 

+ ^ det Ct'^v^M^Z^^fil + ^ det CiMw^M^Z-^jfy^Mv^ t' = 0. (C.18) 

Note that c cannot be proportional to det C when we consider perturbative solutions, 
because c = 1 in the undeformed case. Thus the bracket in front of t' cannot be zero, and 
t' must vanish. As a result, we obtain 

t=^v^M^Z-^fMvc. (C.19) 

We can also verify that this satisfies eq. ()C.15|) . Now r and s can be obtained by substi- 
tuting (im9|) into (insl) : 

r = Z-^fMvc, s = 0. (C.20) 

So far we have solved the zero mode equation (jdljl and imposed the gauge fixing 
conditions ^T^ - ^(TT2^ . The remaining freedom is c. This is fixed by the normalization 
condition for the zero mode u, as we will see below. The normalization condition is eq. 
(|OH|l : 

1„ = M(o)V°)-^C"Vi»n{,''-detCn(2)V2) 

+ ee + - ^^(i^^mW) . (C.21) 
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The only non-trivial condition comes from the lowest component, because the higher 
components in the r.h.s. vanish automatically if ()C.9|) and ()C.10|) are satisfied. It leads 
us to 

c = N-^ = + J C{v^M^Z'^fMv f)-^. (C.22) 

After some algebra, we obtain the zero mode u which satisfies simultaneously the WZ 
gauge conditions and the normalization condition: 

u = {l + A^''fM9 + ^M^fM99)u^^'> (C.23) 
= {l-^A^''Kj{eC)p^A^M^Z-^fM)vN-^^U (C.24) 
N = 1 + ^det C{v^M^Z~^fMvY (C.25) 

where ?7 is a unitary matrix such that W = U^^, and K, Z, N are given by ()4.7H) . ()4.74|) . 
(I4.75|l . respectively. 



D U(2) one instanton 

In this appendix, we construct deformed super instantons in the case of U(2) gauge group 
and instanton number k = 1 with the use of the deformed super ADHM construction in 
section m We will find our solutions are consistent with the results in refs. P H I ^ I ^ Olj. 

Let us begin with solving the deformed ADHM constraints ()4.45p ()4.46p and express 
the constrained ADHM data a„ and A4 in terms of unconstrained free parameters. In the 
U(2) k = 1 case, the deformed ADHM constraints ()4.45|1 become 

a^"cj„^cjt"^ + ^C'MM^ = 0, (D.l) 

UJaalJ^^" + eafSf^atO^"" = 0. (D.2) 

Here we have defined C = ^vliu^^'^ ii^^Y = — C*) where 77^^, is the 't Hooft eta symbol 
(see appendix . Note that in this section we denote the U(2) gauge index u in (jA.9jl as 
a dotted spinor index (d, /5, etc.). 
These constraints are solved by 

where 

^,^ip, -Ip-'CK^^-CO), (D.4) 
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= Pi {CaY — C") {iaY = the remaining parameter a'^ can be arbitrary. The 

parameters p, ^q, and are unconstrained free parameters and correspond to the scale, 
supersymmetry and superconformal moduh, respectively ^. 

Up to now, we have solved the deformed ADHM constraints and found that the oper- 
ator Aq, is written in terms of the unconstrained moduli parameters p, ^ and C,. In order 
to construct the connection of the deformed instanton, our next task is to determine 
the normalized zero mode u of A^, or u^^^ appearing in eq. ()4.78|) . 

As we have mentioned in the previous section, the operator A^ (the fermionic moduli 
M.) can be split into the C-independent part Aoa (A^o) and the residual C-dependent 
part 5/S.a {5M.) (see eq. fl4.7(i|l ). and the normalized zero mode v of A^ is given by these 
quantities as in eq. ()4.77p . Because the deformed ADHM constraints are solved by ()D.3|) . 
they are now explicitly written with the use of 

p^^(p, 0), % = (0, -lp-^C\ii-CO) (D.5) 



as 



AoQ=(Pad Vafi) 1 S^a = iSPaa 0), (D.6) 

Mo = ip'K''paa ^a), SM = -p-'C6A^, (D.7) 

where paa = P^l'^<^aal ^Paa = ^PiJ.i^aa- Note that here we have absorbed the translation 
moduli a^[i]x[i] into y^. Then the zero mode u can be written in terms of Aqq, 5Aq,, JkAq, 
5M. and the normalized zero mode Vq of Aqq. Here we choose the U(2) k = 1 instanton 
in the non-singular gauge (the BPST instanton) as Vq ^: 

v.=p-\y'+pr'^{^'ll!;^^- (D.8) 

Then from eq. ()4.77|1 . we obtain v as 



vo- p (y + P ) 2 I .. 



-Y^detCCCe^p '{y +p ) 2 I _3^2^2^7 ) • (D.9) 
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^Our superconformal moduli parameter C is different from the one in refs. |22l \2l^ which corresponds 
to p^^C ill our convention. 



^Instead of this, if we choose the 't Hooft instanton as 



Vo 



then we can construct the singular deformed super instantons in ref. |24|. 
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Next we express u^^^ defined in eq. ()4.73|) in terms of Vq, Aqq, ^A^, Aio and SAi. Note 
tliat in tlie U(2) k = 1 case, tlie following equation holds: 

{vo^Mo^MoVof = 0. (D.IO) 

This equation will turn out to make the almost all quantities vanish in our calculation. 
To verify this equation, we need to use Vq in ()D.8|) . Together with the form of A^o in 
()D.7jl . the above equation ()D.10|1 is easily shown. First, the inverse of Z in ()4.74|1 is found 
to be 

Z-' = l-^ det CfoMo^l'^foMoMlfoAoaMl + ■■■ (D.ll) 

by using eq. ()4.71|) , where ■ ■ ■ denotes the terms depending on more than four fermionic 
moduli. Note that in the case of U(2) k = 1, there are only four fermionic moduli 
parameters, so that the 0{A4q^) terms vanish automatically. Here we have used the 
equation AiA^"" f{eC)a'^ A is Ai^ = 0, which follows from the fermionic ADHM constraint, 
the symmetric property of C"^ and the fact that AiA^'^ and AaAi^ anticommute in 
the k = 1 case. Then, due to eq. ()D.10|) . the normalization factor N ()4.75|) becomes 
N = I2 + 0{^A^). As a result, we find an expression of u^^^ from eq. ()4.73|) as 



u 



= (14 - ^A^y{eC)jApM^fM - ^ det CA*"/oA1o-MS/oAoa-MS/o-Mo)t^. (D.12) 



Here we have taken U = I2 for simplicity. 

Substituting eq. ()D.12|) with eq. ()4.77|) into the eq. ()4.78|) . we obtain the connection 
superfield after a lengthy but straightforward calculation: 



+^C,,d, (i^i^T + K2CC + 2pK,) - ^ det Cp-\y' + p^'CC^^^J^Vu 
+p\y^ + p'r\p-'Cy,^' + i^'){e^''' + (D.13) 

where 



(^y2 _j_ p2^2 y2 _|_ p2 (^y2 _j_ p2 ^ y2 _|_ p2 (^y2 _|_ p2 ^ 



From this connection superfield, we can read the fermion zero mode and the gauge field 
of the deformed super instanton: 

(A^)^ = -22p2(^2_^p2)-2(p-1^7^^.,+^-.,)(^/3y^.. +5/3.57'.)^ P_15) 

(v,y, = -At{y' + pY'cxJ^y,+ '-C,,d,[K,^^+K2CC + 2pK,)6^^ 



- -detCp-\y' + p'r\a^a,/^y,. (D.16) 
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Note that the fermion zero mode coincides with the one in the undeformed case, which is 
consistent with the result in refs. (221 123 • On the other hand, the above gauge field does 
not coincide with the one in refs. [22l 122] by the term proportional to det C . This does 
not mean that our result contradicts the known results. As we have shown in the previous 
sections, our deformed ADHM construction correctly gives the solutions to the deformed 
ASD equations. We should note, however, that there is a freedom how we parameterize 
the instanton moduli space. In fact, by re-parameterizing the scale parameter in our 
solution as 



we find that our solution becomes consistent with the one obtained in refs. |22l 12^] ■ 

References 

[1] N. Dorey, T. J. Hollowood, V. V. Khoze and M. P. Mattis, "The calculus of many 
instantons," Phys. Kept. 371 (2002) 231, hep-th/0206063. 

[2] V. V. Khoze, M. P. Mattis and M. J. Slater, "The instanton hunter's guide to super- 
symmetric SU(iV) gauge theory," Nucl. Phys. B 536 (1998) 69, hep-th/9804009. 

[3] M. F. Atiyah, N. J. Hitchin, V. G. Drinfeld and Y. I. Manin, "Construction Of 
Instantons," Phys. Lett. A 65 (1978) 185. 

[4] T. Araki, T. Takashima and S. Watamura, "On a superfield extension of the ADHM 
construction and A/" = 1 super instantons," JHEP 0508 (2005) 065, hep-th/0506112. 

[5] A. M. Semikhatov, "Supersymmetric Instanton," JETP Lett. 35 (1982) 560 [Pisma 
Zh. Eksp. Teor. Fiz. 35 (1982) 452]; 

A. M. Semikhatov, "The Supersymmetric Instanton," Phys. Lett. B 120 (1983) 171. 

[6] I. V. Volovich, "Superselfduality For Supersymmetric Yang-Mills Theory," Phys. 
Lett. B 123 (1983) 329; 

I. V. Volovich, "On Superselfduality Equations," Theor. Math. Phys. 54 (1983) 55 
[Teor. Mat. Fiz. 54 (1983) 89]. 

[7] I. N. McArthur, "Green Functions In A Superselfdual Yang-Mills Background," Nucl. 
Phys. B 239 (1984) 93. 

[8] I. N. McArthur, "Left Chiral 'Zero Modes' In A Superselfdual Yang-Mills Back- 
ground," Nucl. Phys. B 241 (1984) 99. 

[9] J. Lukierski and W. J. Zakrzewski, "Euclidean Supersymmetrization Of Instantons 
And Selfdual Monopoles," Phys. Lett. B 189 (1987) 99. 




(D.17) 



27 



[10] W. Siegel, "Supermulti - instantons in conformal chiral supcrspace," Phys. Rev. D 
52 (1995) 1042, hep-th/9412011. 

[11] C. R. Gilson, I. Martin, A. Restuccia and J. G. Taylor, "Selfduality In Superyang- 
Mills Theories," Commun. Math. Phys. 107 (1986) 377. 

[12] G. Devchand and V. Ogievctsky, "Super self duality as analyticity in harmonic su- 
perspace," Phys. Lett. B 297 (1992) 93, hep-th/9209120. 

[13] G. Devchand and V. Ogievetsky, "The Matreoshka of supersymmetric selfdual theo- 
ries," Nucl. Phys. B 414 (1994) 763, hep-th/9306163. 

[14] H. Ooguri and G. Vafa, "The G-deformation of gluino and non-planar diagrams," 
Adv. Theor. Math. Phys. 7 (2003) 53, hep-th/0302109; 

H. Ooguri and G. Vafa, "Gravity induced G-deformation," Adv. Theor. Math. Phys. 
7 (2004) 405, hep-th/0303063; 

[15] J. de Boer, P. A. Grassi and P. van Nieuwenhuizen, "Non-commutative superspace 
from string theory," hep-th/0302078; 

[16] N. Seiberg, "Noncommutative superspace, M = 1/2 supersymmetry, field theory and 
string theory," JHEP 0306 (2003) 010, hep-th/0305248; 

[17] N. Berkovits and N. Seiberg, "Superstrings in graviphoton background and M — 
1/2 + 3/2 supersymmetry," JHEP 0307 (2003) 010, hep-th/0306226. 

[18] S. Ferrara and M. A. Lledo, "Some aspects of deformations of supersymmetric field 
theories," JHEP 0005 (2000) 008, hep-th/0002084; 

D. Klemm, S. Penati and L. Tamassia, "Non(anti)commutative superspace," Glass. 
Quant. Grav. 20 (2003) 2905, hep-th/0104190; 

S. Ferrara, M. A. Lledo and O. Macia, "Supersymmetry in noncommutative super- 
spaces," JHEP 0309 (2003) 068, hep-th/0307039. 

[19] R. Britto, B. Feng and S. J. Rey, "Deformed superspace, N = 1/2 supersymmetry 
and (non)renormalization theorems", JHEP 0307 (2003) 067, hep-th/0306215; 
S. Terashima and J. T. Yee, "Gomments on noncommutative superspace," JHEP 
0312 (2003) 053, hep-th/0306237; 

M. Hatsuda, S. Iso and H. Umetsu, "Noncommutative superspace, supermatrix and 
lowest Landau level", Nucl. Phys. B671 (2003) 217, hep-th/0306251; 
T. Araki, K. Ito and A. Ohtsuka, "Supersymmetric gauge theories on noncommuta- 
tive superspace", Phys. Lett. B573 (2003) 209, hep-th/0307076; 
R. Britto, B. Feng and S. J. Rey, "Non(anti)commutative superspace, UV/IR mixing 
and open Wilson hues," JHEP 0308 (2003) 001, hep-th/0307091; 
O. Lunin and S. J. Rey, "Renormalizablity of non(anti)commutative gauge theories 



28 



with N = 1/2 supersymmetry", JHEP 0309 (2003) 045, hep-th/0307275; 

D. Berenstein and S. J. Rey, "Wilsonian proof for renormalizability of A?" = 1/2 su- 

persymmetric field theories", Phys. Rev. D68 (2003) 121701, hep-th/0308049; 
M. Ahshahiha, A. Ghodsi and N. Sadooghi, "One-loop perturbative corrections to 
non(anti)commutativity parameter of A^ = 1/2 supersymmetric U{N) gauge theory", 
Nucl. Phys. B 691 (2004) 111, hep-th/0309037; 

A. Imaanpur and S. Parvizi, "N — 1/2 super Yang- Mills theory on Euchdean 
AdS2 X S^", JHEP 0407 (2004) 010, hep-th/0403174; 

A. Sako and T. Suzuki, "Recovery of full A^ = 1 supersymmetry in non(anti- 
)commutative superspace," JHEP 0411 (2004) 010, hep-th/0408226; 
L. G. Aldrovandi, D. H. Correa, F. A. Schaposnik and G. A. Silva, "BPS analysis 
of gauge field - Higgs models in non-anticommutative superspace," Phys. Rev. D 71 

(2005) 025015, hep-th/0410256; 

I. Jack, D. R. T. Jones and L. A. Worthy, "One-loop renormalisation of A^ = 1/2 
supersymmetric gauge theory," Phys. Lett. B 611 (2005) 199, hep-th/0412009; 
S. Penati and A. Romagnoni, "Covariant quantization oi N — 1/2 SYM theories and 
supergauge invariance," JHEP 0502 (2005) 064, hep-th/0412041; 
T. Hatanaka, S. V. Ketov, Y. Kobayashi and S. Sasaki, "Non-anti-commutative de- 
formation of effective potentials in supersymmetric gauge theories," Nucl. Phys. B 
716 (2005) 88, hep-th/0502026; 

M. Billo, M. Frau, F. Lonegro and A. Lerda, '^N =1/2 quiver gauge theories from 
open strings with R-R fluxes," JHEP 0505 (2005) 047, hep-th/0502084; 
C. S. Chu and T. Inami, "Konishi anomaly and central extension in A'^ = 1/2 super- 
symmetry," Nucl. Phys. B 725 (2005) 327 hep-th/0505141; 

I. Jack, D. R. T. Jones and L. A. Worthy, "One-loop renormalisation of general 
N = 1/2 supersymmetric gauge theory," Phys. Rev. D 72 (2005) 065002, hep- 
th/0505248; 

O. D. Azorkina, A. T. Banin, I. L. Buchbinder and N. G. Pletnev, "Construction of 
the effective action in nonanticommutative supersymmetric field theories," arXiv:hep- 
th/0509193. 

[20] E. Ivanov, O. Lechtenfeld and B. Zupnik, "Nilpotent Deformations of N — 2 
Superspace" JHEP 0402 (2004) 012, hep-th/0308012; 

T. Araki, K. Ito and A. Ohtsuka, "A/" = 2 Supersymmetric U{1) gauge theories in 
noncommutative harmonic superspace", JHEP 0401 (2004) 046, hep-th/0401012; 
C. Saemann and M. Wolf, "Constraint and super Yang-Mills equations on the 
deformed superspace i?(/i)(4|16)," JHEP 0403 (2004) 048, hep-th/0401147; 
T. Araki and K. Ito, "Singlet Deformation and Non(anti)commutative N = 2 Su- 
persymmetric U{1) Gauge Theory", Phys. Lett. B595 (2004) 513, hep-th/0404250; 
S. Ferrara, E. Ivanov, O. Lechtenfeld, E. Sokatchev and B. Zupnik, "Non- 
anticommutative chiral singlet deformation of N — (1, 1) gauge theory", Nucl. Phys. 



29 



B 704 (2005) 154, hep-th/0405049; 

E. Ivanov, O. Lechtenfeld and B. Zupnik, "Non-anticommutative deformation of 
N = (1, 1) hypermultiplcts," Nucl. Phys. B 707 (2005) 69, hep-th/0408146; 
T. Araki, K. Ito and A. Ohtsuka, "Deformed supersymmetry in 
non(anti)commutative N = 2 supersymmetric U{1) gauge theory," Phys. Lett. B 
606 (2005) 202, hep-th/0410203; 

T. Araki, K. Ito and A. Ohtsuka, "Non(anti)commutative N — (1,1/2) supersym- 
metric U{1) gauge theory," JHEP 05 05 (2005) 074, hep-th/0503224; 
R. Abbaspur and A. Imaanpur, "Nonanticommutative Deformation of = 4 SYM 
Theory: The Myers Effect and Vacuum States," hep-th/0509220; 
A. De Castro, E. Ivanov, O. Lechtenfeld and L. Quevedo, "Non-singlet Q-deformation 
of the N — (1, 1) gauge multiplet in harmonic superspace," hep-th/0510013. 

[21] A. Imaanpur, "On instantons and zero modes of A^ = 1/2 SYM theory," JHEP 0309 
(2003) 077, hep-th/0308171; 

A. Imaanpur, "Comments on gluino condensates in A^ = 1/2 SYM theory," JHEP 
0312 (2003) 009, hep-th/0311137. 

[22] P. A. Grassi, R. Ricci and D. Robles- Liana, "Instanton calculations for N — 1/2 
super Yang-Mills theory," JHEP 0407 (2004) 065, hep-th/0311155. 

[23] R. Britto, B. Feng, O. Lunin and S. J. Rey, 'V{N) instantons on N — 1/2 superspace: 
Exact solution and geometry of moduh space," Phys. Rev. D 69, 126004 (2004), hep- 
th/0311275. 

[24] M. Billo, M. Prau, I. Pesando and A. Lerda, "N — 1/2 gauge theory and its instanton 
moduh space from open strings in R-R background," JHEP 0405 (2004) 023, hep- 
th/0402160. 

[25] S. Giombi, R. Ricci, D. Robles-Llana and D. Trancanelh, "Instantons and matter in 
N — 1/2 supersymmetric gauge theory," hep-th/0505077. 

[26] K. Ito and H. Nakajima, "Non(anti)commutative N = 2 supersymmetric U{N) gauge 
theory and deformed instanton equations," hep-th/0508052. 

[27] R. Grimm, M. Sohnius and J. Wess, "Extended Supersymmetry And Gauge Theo- 
ries," Nucl. Phys. B 133 (1978) 275. 

[28] N. Nekrasov and A. Schwarz, "Instantons on noncommutative R**4 and (2,0) su- 
perconformal six dimensional theory," Commun. Math. Phys. 198 (1998) 689, hep- 
th/980206. 

[29] E. Corrigan and P. Goddard, "Construction Of Instanton And Monopole Solutions 
And Reciprocity," Annals Phys. 154 (1984) 253. 



30 



[30] N. J. Hitchin, A. Karlhede, U. Lindstrom and M. Rocek, "Hyperkahler Metrics And 
Supersymmetry," Commun. Math. Phys. 108 (1987) 535. 

[31] K. Furuuchi, "Dp-D(p + 4) in noncommutative Yang-Mills," JHEP 0103 (2001) 033, 
hep-th/0010119. 



31 



